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Abstract. We present the complete classification of master symmetries related to a non-
degenerate Hamiltonian system that is integrable in the Arnol'd-Liouville’s sense. It is
shown that &-integrable Hamiltonian system cannot have generators of degree greater than 2.
Specific properties of the master symmetries classified in terms of the action—angle variables are
investigated.

1. Introduction

The notion of a master symmetry, introduced in [1] by Fokas and Fuchssteiner, has been
intensively studied in the framework of the theory of Hamiltonian dynamical systems
[2,3,4,5,6,7,8,9, 10]. These remarkable vector fields play an especially important role in
the bi-Hamiltonian case, where the existence of a recursion operator provides a mechanism
for generating an infinite hierarchy of master symmetries constituting a Virasoro-type Lie
algebra [10]. Each member of such a hierarchy generates the corresponding hierarchies of
Hamiltonian vector fields, their first integrals and Poisson (or symplectic) structures. This
approach has been successfully applied to a number of well known systems of evolution
equations [6, 7, 8, 9, 10].

Brouzet [11], studying non-degenerate integrable Hamiltonian systems, classified all
symmetries of such systems in terms of the action—angle variables. One can extend this
result to the master symmetries and investigate their properties using a similar approach.
We note that ten Eikelder in [12], in a way considered an inverse problem for a class of
Hamiltonian systems, showing that in a special system of coordinates the corresponding
recursion operator, the Hamiltonian function and the symplectic form all have a special
(diagonal) form. In this case the recursion operator generates an infinite sequence of non-
trivial symmetries for the Hamiltonian system. It was also shown that non-degenerate
Hamiltonian systems having action—angle coordinates enjoy all of those properties.

Consider an even-dimensional Poisson manifaie?, P) defined by a non-degenerate
Poisson bivecto’/. A Hamiltonian system

)'c":P"“a i=1...,2% Q)
x(){

is said to becompletely integrable in the Arnol’'d—Liouville sengeit has k functionally
independent first integralg, F», ..., F;} in involution with respect to the Poisson bracket
defined byP:

OF; 3F; _

axe dxf

{Fi, Fj}p = P* )
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We use the Einstein summation convention. The Arnol’d—Liouville theorem [13] states that
the mapr : M — R¥ : m — {Fi(m), ..., Fy(m)} produces the constant level surface
N. = {m € M% 7 (m) = ¢} (we assume\V. to be connected), which is a submanifold of
dimensionk and there exists a contractible neighbourhédbd R* aboutc € R such that
771(V) = N, x V. ThenN. is an invariant submanifold with respect to the Hamiltonian
vector field Xy defining (1). The action—angle variablés, ¢;), i =1, ..., k are obtained
when N, and V (being contractible) are diffeomorphic to a torfi§ or a toroidal cylinder
T™ x R (if N, is not compact) and an open b&ff, respectively. In this case the angle
coordinatesy;, . .., ¢ run over a torusT*, 0 < ¢; < 27 (in the compact case) or over a
cylinder T x R*=" (if the submanifoldN. is not compact), while the action coordinates
I, ..., I, are defined in an open bak. In these variables the completely integrable system
(1) takes the form

oH
Al

The symplectic structure := P~ is canonical:w = Zf;l dl; Adg; and the corresponding
Hamiltonian vector fieldX; becomes

k
oH 0
Xy = . 4
" Zal,-agoi @

i=1
Then the system (1) is said to Ib@n-degeneratéf its Hessian has the maximum rank on
a dense subset @, or

92H(I)
L9l #0. ®)

This implies that any first integral” of the Hamiltonian system (1) depends on the action
variables only:

dr

EZO = F=F,....I):=F(). (6)
We note that a Hamiltonian system is call€entegrable in a domain© c M iff it is
integrable in the Arnol'd—Liouville sense, non-degenerate and in the do@aithinvariant

submanifolds of constant level éfinvolutive first integrals are compact (see [14]).

ji=0 Oi H=H(,...,I}) i=1...,k. (3)

det’

2. Master symmetries in the action—angle variables

The Brouzet lemma states that all symmetries of the non-degenerate integrable system (1)
or the vector field commuting withXy : [Xy, Y] = 0 have the following form:

k
; 0
Y=Y Vi) )
; Gl
where (I;,¢;), i = 1,...,k are the corresponding action—angle coordinates. The

representation (7) allows us to classify all master symmetries of (1), i.e. the vectorZields
satisfying

[Xn. [Xu,Z]l =0 8
provided [X, Z] # 0. Indeed, it follows from (8) tha := [Xy, Z] is a symmetry ofX
and so in the action—angle variables by the Brouzet lemma is given by

k
~ D
Y=Y Vi) . 9
2 Dy )
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Let us now assume that a master symmetrgf the system (1) has the following general
form:

Z(, ) = i=1... .k (10)

Then, commuting(y = Zf_l(aH/al) d/d¢; with the vector fieldZ, we obtain

AH(1) AU/ (I, ¢) 0 ZE)H(I) OWi(l, ) 0 ZW BZH(I) a
— ,

Y _—
8], 3§Dl 8(,0] 8] B(p, 81 81,811 8(,0]

Il
-M”

~
I
AN

j=1

k
:Z (1)7
=1

®j

This leads to the following two conditions:

Wi,
(Z,¢) _ 0 (11)
8<pj
dH(I)dU’ (I, : 92H (I ‘
DOTLE) i1, )20~y (12)
81,- agl)i 3Ii81j
ij=1,....k

Equation (11) implies tha/’ = W (1) for eachi =1, ..., k, for in this caseXy (W) =0

i.e. W is a first integral of the system (1) and by (6) depends only on the action variables.
From (12) we conclude thatl/ (1, ¢)/d¢; fori, j = 1,..., k does not depend on the angle
coordinates. Therefor&/ is an affine function of the variables; i =1, ..., k. However,

U is a global function and so is periodic in ThusU/ = U/(I). This yields the general
formula for a master symmetry of the Hamiltonian system (1) in the action—angle variables.

Lemma 2.1Given a C-integrable Hamiltonian system (3). Then, an arbitrary master
symmetryZ € TM? of the corresponding Hamiltonian vector fiel; is given by the
general formula

7= E:Uu) +§:WU) (13)

The generic formula (13) enables us to verify many specific properties of master
symmetries. For example, it is easy to see that the apFM — FM defined by a
master symmetry of the non-degenerate integrable Hamiltonian system (1) maps solutions
to solutions. At the same time all master symmetries of (1) constitute a non-Abelian Lie
algebra.

3. On the generator of degreen

The notion of a master symmetry admits a natural generalization [5]. We call a vector field
Z a generator of degrea of a Hamiltonian vector fieldy if

L% Z=0

H

provided thatL’,’{lz # 0. HereLy, denotes the usual Lie derivative along the vector
H

field Xy : Lx,Z = [Xu, Z]. Clearly, master symmetries and symmetries are generators
of degrees 2 and 1, respectively. This notion was employed by Oevel and Falck [4] to
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investigate the problem of integrability of the Calogero—Moser system. We shall show that

a C-integrable non-degenerate Hamiltonian system cannot have generators of degree greater
than 3. Indeed, assume that the system (L}istegrable and has a generator of degree 3,

i.e. there exists a vector field, such that

[Xu. [Xu,[Xu, Z]l =0

while [Xy, [Xy, Z]] # 0. Then Xy, Z] is a master symmetry o 5, which, according to
the generic formula (13), takes the following form:

[Xu. 2] = ZU' (14)
On the other hand, for the vector fieltl given by
k
(15)
i=1
we have
k J k J 2
AH(I)dZI (I, ¢) 0 AH(I)dZL(1,¢) 92H(I) 9
[XH,Z]=Z 179074_2 27¢7_Z (16)
i—1 ali Bq)i B(pj i—1 a]i E)(pi BIj 81 8] 8(,0]
Comparing equations (14) and (16), we obtain
. IH () dZL(I,
Wi = AW 923U ¢) a7)
ol; G
and
, 3H dZ1 (I, 92H(I
81,- 8<pi a[ialj
fori,j = 1,...,k. From (17) it follows thatZ,, i = 1,...,k are affine functions in
the angle variables, while (18) suggests t#at i = 1,...,k are also affine functions
in @1, ..., ¢ andZ, depends on the action variables only (we have used the condition of

non-degeneracy (5)). Sinég,i = 1,..., k are globally defined on the compact torus, they
also depend on the action variables only. Therefore, as follows from F18,a master
symmetry of Xy, which contradicts the initial assumption.

The same proof is applicable in the case of a generator of degree greater than 3.
Therefore we arrive at the following conclusion.

Proposition 3.1.Any C-integrable Hamiltonian system can only have generators of degree
no greater than 2.

Compactness of the corresponding invariant submanifold is essential here; if this
condition does not hold, the system can have generators of an arbitrary degree. For
example, the above-mentioned Calogero—Moser system considered in [4] was shown to
have generators of an arbitrary degree, since its constant level siffagas proved to be
diffeomorphic to Liouville’scylinder, which was not compact.
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4. The bi-Hamiltonian case

Now consider the bi-Hamiltonian case, namely that where the Hamiltonian vector field
of the system (1) can be defined by two Poisson bivecBrand P; with the following
properties:

(i) The vector fieldX 5 has two Hamiltonian representations:

Xy = PodHy = PidH, (19)

where H; and Hy are the corresponding Hamiltonians.
(i) The linear operatorA := PoPl‘l (assumingP; in non-degenerate) has a vanishing
Nijenhuis tensor:

Nu(X,Y) = AYX, Y] + [AX, AY] — A((AX, Y] +[X, AY]) =0 (20)

for arbitrary vector fieldsX, ¥ € TM?%. In this case the operatof is called arecursion
operator and has at least doubly degenerate eigenvalues [12], which are the first integrals
of the vector field (19), in involution with respect to both Poisson bivecBgrand P;. This
leads to complete integrability in Arnol’d—Liouville’s sense of the bi-Hamiltonian system
(19) [13, 14, 15].

Now assume that equation (19) is a non-degenerate with respect to the Hamiltonian
function H;, and so can be defined in the action—angle varialflesy;), because of
its complete integrability. Then in these coordinates the operatatepends only on
the action variabled;. Indeed, the vector field’ := Y*_, A%d/d¢; is @ symmetry of
Xy = (0Hp/d1;) 9/0¢;, sinceLy, (A) = 0, and by the Leibniz rule

d 0
[Xu,Y]=Lx,(Y)= ALy, <> +Lx,(A)— =0
dg dp

Thus by the Brouzet lemma, the vector fi#dhas the representation (7) and so the recursion
operatorA depends only on the action variables.

Having a master symmetry, of Xy, one can construct an infinite hierarchy of
master symmetries. This can be achieved by actifigon the initial master symmetry
Zo: Z,:=A"Zy, n=1,... . It can easily be seen that #, is presented in the generic
form (13), the mapM : Zy — Z, := A"Zp is an automorphism up to the representation
(13), since for each the linear operatod” depends on the action variables only. Thus all
vector fieldsZ, are given by (in the action—angle variables):

k
; d

Z, ; U,
Therefore the hierarchyZo, Z1, ..., Z,, ...} consists of master symmetries of the system
(19). Moreover, if the recursion operataris non-degenerate, we can also extend this chain
for negative integers. The last conclusion was derived for a general system of coordinates
[5] (although without the assumption of non-degeneracy) using lengthy calculations. Similar
reasonings were employed in [12] to generate an infinite hierarchy of non-trivial symmetries.
Finally, we conclude that the approach employed by Brouzet is proved to be quite effective
for studying master symmetries.

k
. i .
+;W;(1)87i i=1,... k.
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